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The multipartite correlations derived from local measurements on some composite quantum sys-
tems are inconsistent with those reproduced classically. This inconsistency is known as quantum
nonlocality and shows a milestone in the foundations of quantum theory. Still, it is NP hard to
decide a nonlocal quantum state. We investigate an extended question: how to characterize the non-
local properties of quantum states that are distributed and measured in networks. We first prove
the generic tripartite nonlocality of chain-shaped quantum networks using semiquantum nonlocal
games. We then introduce a new approach to prove the generic activated nonlocality as a result of
entanglement swapping for all bipartite entangled states. The result is further applied to show the
multipartite nonlocality and activated nonlocality for all nontrivial quantum networks consisting of
any entangled states. Our results provide the nonlocality witnesses and quantum superiorities of all
connected quantum networks or nontrivial hybrid networks in contrast to classical networks.
I. INTRODUCTION
The joint probability distribution of the outcomes of local measurements performed on spatially separated quantum
systems sometimes exhibit correlations that cannot be explained classically in terms of the information shared before-
hand. Such nonlocal correlations are revealed by the violation of special inequalities [1-3]. Formally, Bell’s theorem
[3] states that the predictions of quantum mechanics are inconsistent with classical causal relations those originate
from a classical common local hidden variable (LHV). The profound property holds for general quantum entangled
systems [4-12] whose joint state cannot be written in a mixture of states in product forms. These typical correlations
are found of great interest in information processing [13–15], communication [16–20], quantum theory and potential
applications [21–23].
Quantum entanglement is a valuable resource for various tasks including quantum key distribution, randomness
extraction, and quantum communication [24, 25]. Interestingly, different from classical states entangled states can be
swapped [26, 27], where a local measurement can create an entanglement for two parties who have no prior shared
entanglement as shown in Figure 1. The remarkable feature is the foundation of distributing quantum entanglement
in long distance [28–31] and constructing large-scale quantum networks [32–37]. Nonetheless, it still remains an open
problem to characterize these quantum behaviors, even if for the simplest quantum network consisting of two bipartite
entangled states.
In comparison to single entanglement, there are independent sources in a general quantum network for distributing
hidden states to space-like separated parties in terms of the locally causal model [2–4, 39]. The standard Bell testing
[2, 8] is useless for verifying these entangled states in a distributive model. Recently, nonlinear Bell-type inequalities
are proposed for verifying the non-trilocality [40] or non-bilocality [6, 41] of correlations originating from the standard
entanglement swapping. It is then extended for star-shaped networks [43] or small-sized networks [44, 45]. Another
procedure is iteratively expanding a given network into the desired network [46]. Different from these methods, a
polynomial-time algorithm is proposed for constructing explicit nonlinear Bell-type inequalities for general networks
[7]. Their inequalities are useful for proving the generic non-multilocality of quantum networks consisting of all
bipartite entangled pure states [2] and generalized Greenberger-Horne-Zeilinger (GHZ) states [48]. Certain quantum
experiments are performed for verifying the nonlocalities [49–53]. Unfortunately, there is no result to feature all
quantum networks.
Our goal in this work is to prove the nonlocality of all quantum networks consisting of any entangled states, which
is a weak problem of verifying all quantum networks. We specially investigate the existence of generalized Bell testing
for verifying multipartite correlations generated by local measurements in each nontrivial quantum network in terms of
the generalized locally causal model [3, 4]. Our approach depends primarily on the recent semiquantum nonlocal game
[1] that permits to verify single entanglement. We firstly prove that tripartite correlations of the quantum network
shown in Figure 1 violate generalized Bell inequalities for all bipartite entangled states. The generic non-multilocality
is different from the nonlocality of single entanglement using CHSH inequality [3, 6, 8, 9] or Hardy inequality [10, 10].
Furthermore, the nonlocality of two independent parties without initially sharing entanglement can be activated by a
local measurement of the other party. It is of another remarkable feature of entangled states [27] and provides a way
for detecting a single entanglement. These results are then applied to the multipartite nonlocality of all connected
quantum networks consisting of any entangled states, and the activated nonlocality for any subnetwork consisting
of independent parties. Finally, we show the multipartite nonlocality of nontrivial hybrid networks consisting of
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2FIG. 1: (Color online) Schematic Bell testing of quantum entanglement swapping using a generalized Bell inequality [1]. (a)
Tripartite Bell testing of two bipartite entangled states ρAB ⊗ ρCD. τa1 , τa2 , τa3 are input states of Alice, Bob, and Charlie,
respectively. x1, x2, x3 are measurement outcomes of three parties. (b) Classical hidden state model for testing the locality
of two shared sources λ1, λ2 or separable states ρAB =
∑
i pi%
(i)
A ⊗ %(i)B and ρCD =
∑
i qi%
(i)
C ⊗ %(i)D , where {pi} and {qi} are
probability distributions and %
(i)
A(B,C,D) are density operators of system A (B,C,D). The probabilities of τ
ais are uniform
distributions.
entangled states and classical resources. Remarkably, the result holds for any non-classical network and provides a
quantum superiority of hybrid Internet over all classical networks.
II. RESULTS
Multilocality structure of a network. Consider a network consisting of classical systems that are shared by n parties,
P1, P2, · · · , Pn. In experiment, each party Pi perform m local measurements on their respective subsystems with k
possible outcomes, xi = 1, · · · , k, where k > 2 for general systems [54]. Denote ai = 1, · · · ,m as the measurement
chosen by Pi. The joint conditional probability distribution P (x|a) of all measurement outcomes with x = x1 · · ·xn
and a = a1 · · · an is local whenever it can be explained as the result of classically correlated datas, represented by
hidden variables λ1, · · · , λs, that is,
Plocal(x|a) =
∫
Ω
dµ(λ1) · · · dµ(λs)
n∏
j=1
p(xj |aj ,Λj), (1)
where Λj contains some variables λis, µi(λi) denotes the measure of λi with the normalization condition
∫
Ωi
dµi(λi) = 1
and (Ωi,Σi, µi) is the measure space of λi, i = 1, 2, · · · , s. Every local distribution (1) satisfies special constraint known
as Bell-type inequality [7].
Local measurements on some composite quantum states ρ1, · · · , ρk in a distributive model or network lead to the
violation of proper Bell inequality that is then a signature of the non-multilocality [6, 7, 41, 45, 46]. Specifically, there
exist joint conditional probability distributions resulting from local quantum measurement outcomes of all observers
as
PQ(x|a) = Tr[(⊗ni=1Mxiai )(⊗kj=1ρj)], (2)
which cannot be reproduced by any local model (1), where {Mxiai ,∀xi} are positive operators describing locally
implementable quantum measurements by the observer Pi and satisfy
∑
xi
Mxiai = 1 for each ai, and 1 is the iden-
tity operator. The joint quantum system ρ1 ⊗ · · · ⊗ ρk is multipartite nonlocal and reduces to Bell’s nonlocal for
k = 1 [2]. A stronger nonlocality is possible in hidden state scenario with quantum inputs [1]. n random sources
3{τa1 ,∀a1}, · · · , {τan ,∀an} are assumed for all observers shown in Figure 1. It follows a new joint conditional proba-
bility distribution as
PQ(x|a) = PQ(x|τa1 , · · · , τan)
= Tr[(⊗ni=1Mxiai )((⊗kj=1ρj)⊗ (⊗ns=1τas))]. (3)
Similar to verifying single entanglement [2, 8], how to decide the nonlocality of a quantum network is also a fundamental
question. Nevertheless, identifying the nonlocality of a general quantum network remains an extremely difficult
problem [40-47].
Here, we introduce a new framework for exploring the nonlocality of all quantum networks. Given a quantum
network consisting of a joint quantum system ρ = ρ1 ⊗ · · · ⊗ ρk shared by n observers, the main idea is to create
quantum subnetworks for special observers (Alice and Charlie shown in Figure 1). If some nonlocal correlations can
be observed in these subnetworks, they are provided by the quantum state ρ, which is then multipartite nonlocal.
Within the new scenario, we investigate the activation phenomena for these subnetworks consisting of all independent
observers without prior sharing entanglement. It is of the multipartite nonlocality in a network scenario.
Definition 1. A quantum network Nq is multipartite nonlocal if a set of observables existing for all observers such
that multipartite quantum correlations from local measurements are inconsistent with these from the generalized local
realism.
Definition 2. A quantum network Nq consisting of n observers is k-partite activated nonlocal if for any s observers
pi1 , · · · , pis with 2 ≤ s ≤ k, there is a set of observables for all observers such that a local measurement of n − s
observers pjs with j ∈ {1, · · · , n}\{i1, · · · , is} creates a s-partite nonlocal subnetwork.
Nonlocality of all Λ-shaped quantum networks. Consider a Λ-shaped quantum network Nq consisting of three
observers Alice, Bob and Charlie shown in Figure 1. The nontrivial feature of Nq is entanglement swapping [26, 41].
Different from the standard nonlocality [3, 6, 8, 9] detected by linear Bell inequalities [2, 8], the tripartite nonlocality
of Nq can be verified using nonlinear Bell-type inequalities for all bipartite entangled pure states and special entangled
mixed states [6, 7]. Our goal here is to prove the tripartite nonlocality and bipartite activated nonlocality of Nq for
all bipartite entangled states. Specifically, assume that Nq consists of two bipartite entangled states ρAB and ρCD,
where Alice has particle A, Bob has particles B and C while Charlie has particle D. The joint state of Nq reading
ρ = ρAB ⊗ ρCD is activated nonlocal for all entangled pure states [6, 7]. Our first result is to generalize the result to
all bipartite entangled states. Formally, we prove the following result
Theorem 1. Assume that a Λ-shaped quantum network Nq consists of any bipartite entangled states shared by
three observers. Then the following results hold: (i) Nq is tripartite nonlocal; (ii) Nq is bipartite activated nonlocal.
Different from previous Bell inequalities for verifying special Λ-shaped quantum networks [6, 7, 26, 41], Theorem A
shows that a generalized Bell-type inequality exists for a given Λ-shaped quantum network consisting of any bipartite
entangled states. Generally, this Bell-type inequality is state-dependent. Furthermore, one measurement of Bob can
create an entanglement between Alice and Charlie who have no prior shared entanglement. The interesting feature
of bipartite entangled states is going beyond classical resources [27] and key to build large-scale quantum networks
[32, 33, 37]. The proof of the tripartite nonlocality stated in Theorem A is a straight forward application of the
semiquantum nonlocal game for each entanglement [1]. For the bipartite activated nonlocality, our proof will be
completed for a reduced quantum network consisting of qubit-based entangled states. The main idea is that Alice and
Bob are allowed to firstly perform local projections on high-dimensional systems and local distilling of entangled mixed
states [5, 56]. These assumptions are reasonable because local operations and classical communication (LOCC) or
local operations and shared randomness (LOSR) cannot create entanglement between two observers initially sharing
no entanglement [1, 5]. Additionally, the proof of Theorem 1 also provided an interesting by-product that universal
Bell inequality exists for detecting a single entanglement by using local projection and entanglement distilling [1].
Nonlocality of all connected quantum networks. The Λ-shaped quantum network can be generalized to
chain-shaped quantum networks [7, 46] or star-shaped quantum networks with several observers [7, 43, 46]. Here, we
further consider a general quantum network Nq with the connectivity in its schematic graph scenario. Our goal is to
prove the multipartite nonlocality and activated locality of these networks. Specifically, assume that Nq is connected
network if for any two observers Pk and Ps there is a set of observers Pi1 , · · · , Pit such that any adjacent two observers of
Pk, Pi1 , · · · , Pit , Ps share at least one entanglement. Otherwise, Nq is disconnected. The definition can be also defined
as the connectivity of its equivalent graph [57], where each s-partite entanglement is schematically represented by a
complete graph with s distinct vertices, and each node represents an observer shown in Figure 2. Our applications in
the following are all connected quantum networks. Similar to Theorem 1, we can prove the multipartite nonlocality
and activated nonlocality for generic connected quantum networks. It is formally stated as the following result
Theorem 2. Assume that a connected quantum network Nq consists of any multipartite entangled states shared
by n observers. Then the following results hold: (i) Nq is multipartite nonlocal; (ii) Nq is k-partite activated nonlocal
for any 2 ≤ k ≤ n− 1.
4FIG. 2: (Color online) A schematic connected quantum network. Quantum resources consist of 4 bipartite entangled states,
one tripartite entanglement and one 4-partite entanglement that are shared by 10 observers P1, · · · , P10. Pi and P9 share
one bipartite entanglement for i = 2, 4, 5. P2 and P7 share one bipartite entanglement. P3, P7 and P8 share one tripartite
entanglement. P1, P6, P7 and P10 share one 4-partite entanglement. Each ball denotes one physical particle.
In contrast to the genuine multipartite nonlocality of special quantum networks [58, 59] detected by Svetlichny
inequalities [60] or multipartite nonlocality detected by nonlinear Bell-type inequalities [6, 7, 41], Theorem 2 provides
the existence of generalized Bell-type inequalities for verifying each connected quantum network. The result is further
extended to any subnetwork with the activated nonlocality. The surprising part is similar to the standard entanglement
swapping that permits some observers in Nq help independent observers to construct nonlocal quantum correlations
going beyond classical scenario [27]. Theorem 2 implies that this interesting feature is generic for all connected
quantum networks consisting of any entangled states going beyond chain-shaped or star-shaped quantum networks
[7, 43, 46]. It is special important for constructing general quantum networks. Similar to Theorem 1, the first proof
of Theorem 2 is an application of the semiquantum nonlocal game [1, 56]. To prove the activated nonlocality, an
iterative algorithm will be proposed to reduce a general quantum network into a hybrid network consisting of several
chain-shaped and star-shaped quantum subnetworks. The projection method and entanglement distilling are then
used to complete the proof [5, 56].
Quantum superiority of all nontrivial hybrid networks. Theorem 2 provides a strong multipartite nonlocality
in terms of the activated nonlocality for all connected quantum networks. An available network can consist of hybrid
resources including quantum entangled states and classical resources (or fully separable states) shown in Figure 3. A
natural problem states: is it possible to characterize these hybrid networks? So far, no related result has been obtained
for this problem. Note that these networks are generally disconnected quantum networks and then cannot provide the
activated nonlocality for all subnetworks. Although the multipartite correlations from local measurements of hybrid
networks do not satisfy the activated nonlocality given in Definition 2, our goal here is to explore the global quantum
nonlocality obtained from these networks. Specifically, is it possible to define a generalized Bell-type inequality that
can witness a hybrid network in contrast with classical networks? Different from Theorem 2 we prove weak multipartite
nonlocality or global quantum supremacy for hybrid networks as follows:
Theorem 3. Assume that a nontrivial hybrid network Ncq consist of any multipartite entangled states and fully
separable states. Then Ncq is multipartite nonlocal.
A nontrivial hybrid network in Theorem 3 denotes any hybrid network consisting of at least one multipartite
entangled state. Different from the entanglement detection [2] or the verification of quantum networks [6, 7, 40, 41],
Theorem 3 provides the first generic result of nontrivial hybrid networks. The following equivalent interpretation
of Theorem 3 is more interesting. The global nonlocality of Ncq can be used to acquire quantum superiority over
all classical networks in terms of the collaborative semiquantum game [1, 56], where without communicating with
each other all players maximize a negative payoff using local measurement outcomes. Especially, from Theorem 3
for all players there is a general payoff ℘ depending on multipartite correlations p(x|a) satisfying a strictly inequality
℘cq > ℘c, where ℘cq and ℘c are maximal payoffs using multipartite correlations of Ncq and all classical networks,
respectively. It suggests an interesting way to design distributive tasks for any hybrid network [32]. More importantly,
it provides a quantum superiority of each nontrivial hybrid network over all classical networks.
5FIG. 3: (Color online) A schematic hybrid network. There are five subnetworks N1, · · · ,N5 consisting of 12 observers
P1, · · · , P12. Pi and Pi+1 share one bipartite entanglement for i = 1, 10, 11. P2, P3 and P4 share one tripartite entangle-
ment. P6, · · · , P9 share one 4-partite entanglement. P4, P5 and P6 share one tripartite fully separable state. P8 and P10 share
one bipartite separable state. N1,N2 and N3 are connected quantum subnetworks while N4 and N5 are classical subnetworks.
Here, each fully separable state can be equivalently described by a local hidden variable in terms of LHV model.
Discussions
Different from previous multipartite nonlocality using nonlinear Bell-type inequalities [6, 7, 41, 45, 46], Definition 1
provides the weakest version to show a global nonlocality of quantum entangled states in network scenario [40], where
one entanglement can imply the global nonlocality from Theorem 3. Definition 2 can be described as an extension
of the genuine multipartite nonlocality of single entanglement [58–60] for a quantum network consisting of multiple
entangled states. In the strong statement, the multipartite correlations P (x|a) cannot be decomposed into a convex
combination of s-partite with 1 ≤ s ≤ n−1 and n− s partite correlations with respect to any fixed bipartite partition
of n observers, i.e., P (x|a) 6= ∑λ p(λ)P (xs|ak, λ)P (xn−s|an−s, λ), where xs = xi1 · · ·xis , as = ai1 · · · ais , xn−s and
an−s denote all the other variables of xis and ais except for xs and as, respectively. Theorems 1 and 2 imply that all
connected quantum networks consisting of n observers are genuine multipartite nonlocal, where 2 ≤ k ≤ n− 1. This
result can be easily followed from the definition of connected quantum networks.
A weak version of Definition 2 for a quantum network Nq is to consider the activated nonlocality of special sub-
networks. In this case, the activated nonlocality does not hold for all subnetworks. Formally, Nq is k-partite weak
activated nonlocal if for some independent k observers there exist local measurements of all the other n− k observers
such that one of their outcomes creates a nonlocal subnetwork. The special case is also useful for special goals. From
new definition, the weak activated nonlocality can be proved for some nontrivial hybrid networks with connected sub-
networks, where LOCC or LOSR cannot create entanglement between two parties initially sharing no entanglement
[1, 5]. Interestingly, recent results [61, 62] provide a method to construct Bell-type inequalities for single entanglement
based on its entanglement witness. Unfortunately, there is no explicit algorithm to construct the entanglement witness
for all entangled states. New explorations should be interesting for quantum many-body systems [63–65]. Besides,
it is unknown how to verify general entanglement swapping without entanglement distilling [5]. We provide some
further discussions by classifying entangled mixed states [1].
We showed that any Λ-shaped quantum network is tripartite nonlocal and bipartite activated nonlocal, which
provided an evidence of generic entanglement swapping for all entangled states. As a nontrivial application, we
obtained a generalized result that the multipartite nonlocality holds for all connected quantum network consisting of
any multipartite entangled states. The interesting part is the activated nonlocality of these quantum networks, which
is a natural extension of the genuine multipartite nonlocality of single entanglement. As another by-product, each
nontrivial hybrid network can provide quantum superiority over all classical networks in terms of the semiquantum
nonlocal game, in which the joint question-answer probability distributions of a nontrivial hybrid network cannot be
6described classically with any shared randomness. These results show the usefulness of quantum networks including
hybrid Internet going beyond classical networks.
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Appendix A: Proof of Theorem 1
Before we present the detailed proofs of Theorem 1 and the other results, we introduce some necessary definitions
inspired by the semiquantum nonlocal game [1] to rigorously state the main result. In what follows, all quantum
systems are finite dimensions (i.e., their Hilbert spaces, denoted by H, are finite dimensions) and index sets (denoted
by S, T ,X , and Y) contain only a finite number of elements. The convex set of probability distributions defined on
an index set X is denoted by P(X ). The set of linear operators acting on a Hilbert space H is denoted by L(H). The
set of density matrices (i.e., positive semidefinite, trace-one operators) is denoted by S(H) ⊂ L(H).
A random source of states of a quantum system A is represented by an ensemble τ = ({p(s), τs}; s ∈ S}), where
p ∈ P(S) and τs ∈ S(HA), for all s. Given an outcome set X = {x} and a quantum system A on Hilbert space
HA, an X -probability operator-valued measure (X -POVM, for short) on A is a family P = (P x;x ∈ X ) of positive
semidefinite operators P x ∈ L(HA), such that
∑
x∈X P
x = 1. We denote byM(A;X ) the convex set of all X -POVMs
on A. A POVM P ∈M(A;X ) induces, via the relation p(x) = Tr[P x%], a linear function P : % 7→ P% from S(HA) to
P(X ). POVMs in M(A;X ) are used to represent physical available measurements performed on a quantum system
A with outcomes in X .
We firstly verify the following standard Λ-shaped quantum network consisting of two entangled states. Here, we
present detailed statements of Theorem 1 as:
Theorem 1. For any network Nq consisting of three observers Alice, Bob and Charlie, assume that Alice and
Bob share one bipartite entanglement ρAB on the Hilbert space HA ⊗HB , and Bob and Charlie share one bipartite
entanglement ρCD on the Hilbert spaceHC⊗HD. Then ρAB⊗ρCD is tripartite nonlocal. Moreover, for the subnetwork
consisting of Alice and Charlie, there are local observables for three observers such that one local measurement of
Bob can create a bipartite entanglement between Alice and Bob, i.e., Nq is bipartite activated nonlocal.
Proof. Since ρAB is bipartite entangled, there is a semiquantum game Gsq (see Figure S1(a)) [1], constants α
x1x2
a1a2 ,
auxiliary states τa1A0 ∈ HA0 and X1-POVM {P x1} ∈ MA0A;X1 for Alice, auxiliary states τa2B0 ∈ HB0 and X2-POVM{Qx2} ∈ MBB0;X2 for Bob such that ∑
a1,a2,x1,x2
αx1x2a1a2P (x1, x2|a1, a2) > c1 (A1)
where P (x1, x2|a1, a2) are joint conditional probability distributions computed as
P (x1, x2|a1, a2) = Tr[(P x1A0A ⊗Qx2BB0)(τa1A0 ⊗ ρAB ⊗ τa2B0)], (A2)
c1 denotes the maximal achievable classical bound of average gain in terms of the semiquantum game Gsq. Denote
Ai = {ai} and Xi = {xi} with i = 1, 2. Here, we assume that the probability distributions of input random
sources {τa1A } and {τa2B } are uniform. Otherwise, one can redefine the constants αx1x2a1a2 . For all joint conditional
probability distributions Pc(x1, x2|a1, a2)s derived from shared classical correlations (hidden variable model [2, 3]) or
fully separable quantum states (hidden state model [4], see Figure S1(b)), we have∑
a1,a2,x1,x2
αx1x2a1a2Pc(x1, x2|a1, a2) ≤ c1, (A3)
where Pc(x1, x2|a1, a2) can be any convex combination of independent distributions in the variables x1, x2, i.e,
Pc(x1, x2|a1, a2) =
∑
j pjPj(x1|a1)Pj(x2|a2), and {pj} is a probability distribution.
Note that the inequalities (A1) and (A3) can be regarded as generalized Bell-type inequalities for testing bipartite
entanglement ρAB .
Similarly, for the bipartite entanglement ρCD there is another semiquantum game G
′
sq (see Figure S1(c)), constants
βx3x4a3a4 , auxiliary states τ
a3
C0
∈ HC0 and X3-POVM {Rx3} ∈ MC0C;X3 for Alice, auxiliary states τa4D0 ∈ HD0 and
X4-POVM {Sx4} ∈ MDD0;X4 for Bob such that∑
a3,a4,x3,x4
βx3x4a3a4P (x3, x4|a3, a4) > c2, (A4)
9FIG. S1: (Color online) Schematically generalized Bell testing of bipartite entangled states derived from the semiquantum
nonlocal game [1]. (a) Generalized Bell nonlocality testing of one bipartite entanglement ρAB . τ
a1
A′ and τ
a2
B′ are input states of
Alice and Bob, respectively, and can be sent from a trusty referee, where A′ and B′ are axillary systems, and ai ∈ Ai, i = 1, 2.
x1 ∈ X1 and x2 ∈ X2 are outputs (depending on special POVMs) of Alice and Bob, respectively. (b) Hidden state model for
testing the locality of one shared source λ1 or separable state %AB =
∑
i pi%
(i)
A ⊗ %(i)B , where {pi} is a probability distribution
and %
(i)
A(B) are density operators of the system A or B. (c) Generalized Bell nonlocality testing of one bipartite entanglement
ρCD. τ
a3
C′ and τ
a4
D′ are input states of Bob and Charlie, respectively, and can be sent from a trusty referees, where C
′ and D′
are axillary systems, and ai ∈ Ai, i = 3, 4. x3 ∈ X3 and x4 ∈ X4 are outputs of Bob and Charlie, respectively. (d) Hidden
state model for testing the locality of one shared source λ2 or separable state %CD =
∑
i qi%
(i)
C ⊗%(i)D , where {qi} is a probability
distribution and %
(i)
C(D) are density operators of the system C or D. The probabilities of τ
a1 , · · · , τa4 are uniform distributions
in our assumptions.
where P (x3, x4|a3, a4) are joint conditional probability distributions computed as
P (x3, x4|a3, a4) = Tr[(Rx3C0C ⊗ Sx4DD0)(τa3D0 ⊗ ρCD ⊗ τa4D0)], (A5)
c2 denotes the maximal achievable classical bound of average gain in terms of the semiquantum game G
′
sq, and
Ai = {ai}. For all joint conditional probability distributions Pc(x3, x4|a3, a4)s derived from shared classical resources
(hidden variable model [2, 3]) or separable quantum states (hidden state model [4], see Figure S1(d)), we have∑
a3,a4,x3,x4
βx3x4a3a4Pc(x3, x4|a3, a4) ≤ c2, (A6)
where Pc(x3, x4|a3, a4) can be any convex combination of independent distributions in the variables x3 and x4, i.e,
Pc(x3, x4|a3, a4) =
∑
j qjPj(x3|a3)Pj(x4|a4), {qj} is a probability distribution.
Note that the inequalities (A4) and (A6) can be regarded as generalized Bell-type inequalities for testing bipartite
entanglement ρCD. In what follows, we construct a tripartite Bell inequality for testing the nonlocality of Λ-shaped
quantum network consisting of ρAB ⊗ ρCD by taking use of the inequalities (A1) and (A4).
A1: Tripartite Bell testing experiment
Now, consider a new tripartite Bell testing experiment as shown in Figure S2(a) and Figure S2(b). Assume that
the input and output sets of Bell testing experiments for ρAB and ρCD are Ai = {1, 2, · · · ,mi}, Xi = {1, 2, · · · , ni},
respectively, i = 1, · · · , 4.
Assume that the input states of Alice, Bob and Charlie are τa1A0 , τ
a2
B0
⊗ τa3C0 and τa4D0 , respectively. Based on
the POVMs {P a1}, {P a2}, {Qx1}, {Qx2}, define new POVMs of three observers as {P x1} ∈ MA0A;X1 , {Qx2x3} ∈
MB0BCC0;X2×X3 , and {Sx4} ∈ MDD0;X4 , respectively.
From the equations (A2) and (A5), the joint conditional probability distribution P (x1, x2x3, x4|a1, a2a3, a4) is given
as follows:
P (x1, x2x3, x4|a1, a2a3, a4) = Tr[(P x1 ⊗Qx2x3 ⊗ Sx4)(τa1A0 ⊗ ρAB ⊗ τa2B0 ⊗ τa3C0 ⊗ ρCD ⊗ τa4D0 ]. (A7)
Define an average gain ℘ depending on all conditional probability distributions P (x1, x2x3, x4|a1, a2a3, a4)s as
℘ =
∑
a1,··· ,a4,
x1,··· ,x4
γx1···x4a1···a4 P (x1, x2x3, x4|a1, a2a3, a4), (A8)
where the coefficients γx1···x4a1···a4 satisfy γ
x1···x4
a1···a4 = α
x1x2
a1a2 + β
x3x4
a3a4 .
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FIG. S2: (Color online) Schematically generalized Bell testing of Λ-shaped network. (a) Generalized nonlocality testing of a
Λ-shaped quantum network consisting of two bipartite entangled states ρAB and ρCD. Assume that Alice and Bob share the
bipartite entanglement ρAB while Bob and Charlie share the bipartite entanglement ρCD. τ
a1
A0
, τa2B0 ⊗ τ
a3
C0
and τa4D0 are input
states of Alice, Bob, and Charlie, respectively, and can be sent from a trusty party, where A0, B0, C0, D0 are ancillary systems,
and ai ∈ Ai, i = 1, · · · , 4. x1 ∈ X1, x2x3 ∈ X2 ×X3, and x4 ∈ X4 are outputs of Alice, Bob, and Charlie, respectively. (b)
Hidden state model for testing the locality of a Λ-shaped network consisting of two shared sources λ1 and λ2 or separable states
%ABCD =
∑
i ti%
(i)
a ⊗ %(i)BC ⊗ %(i)D , where {ti} is a probability distribution and %(i)A(BC,D) are density operators of the system
A (or BC, or D). Here, the joint system BC can be entangled. (c) Generalized Bell testing of the activated nonlocality of
the subnetwork consisting of Alice and Charlie. Bob firstly performs a proper POVM measurement Q
x∗2x
∗
3
B0BCC0
on his system
and gets special output x∗2x
∗
3. And then, the standard bipartite Bell testing is performed by Alice and Bob for the collapsed
state ρAD = TrB0BCC0 [Q
x∗2x
∗
3
B0BCC0
(τa2B0 ⊗ ρAB ⊗ ρCD ⊗ τ
a3
C0
)]. (d) Hidden state model for testing the locality of the subnetwork
consisting of Alice and Charlie, where Bob performs any POVM measurement before verifying the locality. The Λ-shaped
network consists of two shared sources λ1, λ2, or one source λ1 and a bipartite separable state entanglement %BCD =, or a
tripartite fully separable state %ABCD). The probabilities of input states τ
a1 , · · · , τa4 are uniform distributions.
From the equations (A7) and (A8), consider the quantum tripartite correlations obtained by locally measuring
the joint system of Λ-shaped quantum network (see Figure S2(a)) with local POVMs {P x1A0A} ∈ MA0A;X1 for Alice,{Qx2x3B0BCC0} ∈ MB0BCC0;X2×X3 for Bob, and {Sx4DD0} ∈ MDD0;X4 for Charlie. It is easy to obtain that
℘ =
∑
a1,··· ,a4,
x1,··· ,x4
γx1···x4a1···a4 P (x1, x2x3, x4|a1, a2a3, a4)
=
∑
a1,··· ,a4,
x1,··· ,x4
(αx1x2a1a2 + β
x3x4
a3a4 )P (x1, x2|a1, a2)P (x3, x4|a3, a4)
=m3m4
∑
a1,a2,x1,x2
αx1x2a1a2P (x1, x2|a1, a2) +m1m2
∑
a3,a4,x3,x4
βx3x4a3a4P (x3, x4|a3, a4) (A9)
>m3m4c1 +m1m2c2, (A10)
where the equation (A9) is from the equalities
∑
a3,a4,x3,x4
P (x3, x4|a3, a4) =
∑
a3,a4
∑
x3,x4
P (x3, x4|a3, a4) =∑
a3,a4
1 = m3m4 (from the normalization of conditional probabilities) and
∑
a1,a2,x1,x2
P (x1, x2|a1, a2) =∑
a1,a2
∑
x1,x2
P (x1, x2|a1, a2) =
∑
a1,a2
1 = m1m2. The inequality (A10) is from the inequalities (A1) and (A4).
In what follows, we estimate the upper bound of ℘ defined in the equation (A8) for classical tripartite correlations
in terms of hidden state model [4] as shown in Figure S2(b). In detail, from the inequalities (A3) and (A6), it is
reasonable to define classical tripartite correlations Pc(x1, x2x3, x4|a1, a2a3, a4) as the joint conditional probabilities
of measuring a shared tripartite fully separable state % =
∑
i ti%
(i)
A ⊗ %(i)BC ⊗ %(i)D ({ti} is a probability distribution)
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with local POVMs {Pˆ x1A0A} ∈ MA0A;X1 , {Qˆx2x3B0BCC0} ∈ MB0BCC0;X2×X3 , {Sˆx4DD0} ∈ MDD0;X4 . We get an inequality
from the equation (A10) as
℘c =
∑
a1,··· ,a4,
x1,··· ,x4
γx1···x4a1···a4 Pc(x1, x2x3, x4|a1, a2a3, a4)
=
∑
a1,··· ,a4,
x1,··· ,x4
γx1···x4a1···a4 Tr[(Pˆ
x1
A0A
⊗ Qˆx2x3B0BCC0 ⊗ Sˆx4DD0)
× (τa1A0 ⊗ τa2B0 ⊗ τa3C0 ⊗ τa4D0 ⊗
∑
i
ti%
(i)
A ⊗ %(i)BC ⊗ %(i)D )]
=
∑
a1,··· ,a4,
x1,··· ,x4
(αx1x2a1a2 + β
x3x4
a3a4 )Tr[(Pˆ
x1
A0A
⊗ Qˆx2x3B0BCC0 ⊗ Sˆx4DD0)
× (τa1A0 ⊗ τa2B0 ⊗ τa3C0 ⊗ τa4D0 ⊗
∑
i
ti%
(i)
A ⊗ %(i)BC ⊗ %(i)D )]
=
∑
i
ti
∑
a1,··· ,a4,
x1,··· ,x4
(αx1x2a1a2 + β
x3x4
a3a4 )P
(i)(x1|a1)P (i)(x2x3|a2a3)P (i)(x4|a4) (A11)
=
∑
i
ti[
∑
a1,··· ,a4,
x1,··· ,x4
αx1x2a1a2P
(i)(x1|a1)P (i)(x2, x3|a2, a3)P (i)(x4|a4)
+
∑
a1,··· ,a4,
x1,··· ,x4
βx3x4a3a4P
(i)(x1|a1)P (i)(x2, x3|a2, a3)P (i)(x4|a4)]
=
∑
i
ti[
∑
a1,··· ,a4,
x1,x2
αx1x2a1a2P
(i)(x1|a1)P (i)(x2|a2, a3)
+
∑
a1,··· ,a4,
x3,x4
βx3x4a3a4P
(i)(x3|a2, a3)P (i)(x4|a4)] (A12)
=
∑
i
ti[
∑
a3,a4
∑
a1,a2,
x1,x2
αx1x2a1a2P
(i)(x1|a1)P (i)(x2|a2, a3)
+
∑
a1,a2
∑
a3,a4,
x3,x4
βx3x4a3a4P
(i)(x3|a2, a3)P (i)(x4|a4)]
≤
∑
i
ti[
∑
a3,a4
c1 +
∑
a1,a2
c2] (A13)
=m3m4c1 +m1m2c2. (A14)
In the equation (A11), we have taken use of the following notations: P (i)(x1|a1) = Tr[Pˆ x1A0A(τa1A0 ⊗ %
(i)
a )],
P (i)(x2x3|a2a3) = Tr[Qˆx2x3B0BCC0(τa2B0⊗τa3C0⊗%
(i)
BC)], and P
(i)(x4|a4) = Tr[Sˆx4DD0(τa4D0⊗%
(i)
D )]. In order to get the equation
(A12) we have used the equalities
∑
x3
P (i)(x2, x3|a2, a3) = P (i)(x2|a2, a3),
∑
x2
P (i)(x2, x3|a2, a3) = P (i)(x3|a2, a3),∑
x1
P (i)(x1|a1) =
∑
x4
P (i)(x4|a4) = 1 for each i, j, a1, · · · , a4. In inequality (A13), P (i)(x1|a1)P (i)(x2|a2, a3) are
independent conditional probabilities in terms of the variables x1, x2; P
(i)(x3|a2, a3)P (i)(x4|a4) are independent con-
ditional probabilities in terms of the variables x3, x4. Hence, for each i, j, a2, a3, a4, we can take use of the inequalities
(A3) and (A6). The equation (A14) is from the fact that {ti} is a probability distribution.
Hence, the equation (A7) has defined a generalized Bell-type inequality for verifying the tripartite nonlocality of a
Λ-shaped quantum network consisting of bipartite entangled states ρAB ⊗ ρCD.
A2: Activated nonlocality of Λ-shaped quantum network
To prove the activated nonlocality, it is sufficient to prove that there are local observables for all observers such that
one local measurement of one observer can create one bipartite entanglement for other two observers. Note that Alice
and Bob, or Bob and Charlie have shared one bipartite entanglement. It only needs to prove the activated locality
of Alice and Charlie with the help of Bob. The proof of the activated nonlocality is completed by showing that the
bipartite correlations of Alice and Charlie (after a local measurement of Bob) are inconsistent with these from any
semiseparable state %ABCD in terms of some generalized Bell-type inequality for two systems.
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FIG. S3: (Color online) Schematic projection circuit of bipartite entangled states. (a) Project a bipartite entangled state ρˆAB
into the subspace Hi1i2 spanned by {|i1i1〉, |i1i2〉, |i2i1〉, |i2i2〉}. ρˆAB is shared by Alice and Bob. CNOTi1i2 is controlled-NOT
operation performed on the joint system of A and A0 by Alice, or B and B0 by Bob. It is defined as: CNOTi1i2 : |i〉A|0〉A0 7→
|i〉A|1〉A0 for i = i1, i2, and CNOTi1i2 : |i〉A|0〉A0 7→ |i〉A|0〉A0 for all i 6= i1, i2; CNOTi1i2 : |i〉B |0〉B0 7→ |i〉B |1〉B0 for i = i1, i2,
and CNOTi1i2 : |i〉B |0〉B0 7→ |i〉B |0〉B0 for all i 6= i1, i2, where A0 and B0 are auxiliary systems in the state |0〉. PA0 or
PB0 denotes the projection measurement under the basis {|0〉, |1〉} on the system A0 or B0 respectively. Pi1i2 denotes the
permutation operations: |i1〉 7→ |0〉 and |i2〉 7→ |1〉. Pi1i2 is performed if the measurement outcome is 1. (b) Project a bipartite
entangled state ρˆCD into the subspace Hj1j2 spanned by {|j1j1〉, |j1j2〉, |j2j1〉, |j2j2〉}. ρˆCD is shared by Bob and Charlie.
CNOTj1j2 denotes controlled-NOT operation performed on the joint system of C and C0 by Bob, or D and D0 by Charlie. It is
defined as: CNOTj1j2 : |j〉C |0〉C0 7→ |j〉C |1〉C0 for j = j1, j2 and CNOTj1j2 : |j〉C |0〉C0 7→ |j〉C |1〉C0 for i = i1, i2 all j 6= j1, j2;
CNOTj1j2 : |j〉D|0〉D0 7→ |j〉D|1〉D0 for j = j1, j2 and CNOTj1j2 : |j〉D|0〉D0 7→ |j〉D|1〉D0 for i = i1, i2 all j 6= j1, j2, where C0
and D0 are auxiliary systems in the state |0〉. PC0 or PD0 denotes the projection measurement under the basis {|0〉, |1〉} on the
system C0 or D0 respectively. Pj1j2 denotes the permutation operations: |j1〉 7→ |0〉 and |j2〉 7→ |1〉. Pj1j2 is performed if the
measurement outcome is 1.
The proof is completed by two cases:
Case 1. Λ-shaped quantum network with qubit systems
In this case, we show that there is an entanglement ρAD derived from ρAB ⊗ ρCD after performing a proper
measurement on the joint system BC by Bob. Note that all qubit-based bipartite mixed entangled states are distillable
[5]. It means that Alice and Bob can obtain one bipartite entangled pure state |Φ〉AB from ρ⊗nAB by using local
operations and classical communication (LOCC) when n is large, where they do not need to obtain one maximally
entangled pure state. Similarly, Bob and Charlie can obtain one bipartite entangled pure state |Ψ〉CD from ρ⊗nAB
when n is large by using LOCC. These quantum operations are reasonable because LOCC or local operations and
shared randomness cannot create entanglement between two parties initially sharing no entanglement [1, 5]. For new
quantum systems ABCD in the state |Φ〉AB ⊗ |Ψ〉CD, it is easy to prove that the bipartite nonlocality of Alice and
Charlie can be activated after a Bell measurement of Bob on his systems BC, i.e., the entanglement swapping holds
for any bipartite entangled pure states [6, 7]. The activated nonlocality can be proved by using CHSH inequality
[6–8], where all bipartite entangled pure states can be verified using a universal Bell inequality-CHSH inequality.
Case 2. Λ-shaped quantum network with high-dimensional systems
In this case, we show that there is a qubit-based entanglement ρAD derived from high-dimensional entangled
states ρAB ⊗ ρCD after performing proper projective measurements on the joint systems BC by Bob. Assume that
ρAB =
∑
i pi|Φi〉AB〈Φi| and ρCD =
∑
j qj |Ψj〉CD〈Ψj |, where |Φi〉AB , |Ψj〉CD are entangled pure states for some i, j,
{pi} and {qj} are probability distributions. To explain the main idea clearly, we only consider the simplest case in
what follows, where similar proof can be easily followed for general cases. Assume that ρAB and ρCD has the following
forms:
ρAB = p1|Φ1〉AB〈Φ1|+ p2|Φ2〉AB〈Φ2|, (A15)
ρCD = q1|Ψ1〉CD〈Ψ1|+ q2|Ψ2〉CD〈Ψ2|, (A16)
where |Φ1〉AB , |Ψ1〉CD are assumed to be bipartite entangled pure states. Let the bipartite decompositions of
|Φ1〉AB , |Ψ1〉CD be |Φ1〉AB =
∑
i ri|φi〉A|φ′i〉B , |Ψ1〉CD =
∑
j sj |ψj〉C |ψ′j〉D, where {|φi〉A}, {|φ′i〉B}, {|ψj〉C}, {|ψ′j〉D}
are orthogonal basis states of the system A, · · · , D, respectively, and {ri} and {sj} are probability distributions. After
proper local unitary operations performed by three parties, i.e., U : |φi〉A 7→ |i〉A by Alice, V : |φ′i〉B 7→ |i〉B and
W : |ψj〉C 7→ |j〉C by Bob, and Q : |ψ′j〉D 7→ |j〉D by Charlie, the systems of ρAB , ρCD are changed as follows:
ρˆAB = (U ⊗ V )ρAB(U† ⊗ V †)
=p1(
∑
i
ri|ii〉AB)(
∑
i
ri〈ii|AB) + p2|Φˆ2〉AB〈Φˆ2|, (A17)
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ρˆCD = (W ⊗Q)ρAB(W † ⊗Q†)
=q1(
∑
j
sj |jj〉CD)(
∑
j
rj〈jj|CD) + q2|Ψˆ2〉CD〈Ψˆ2|, (A18)
where |Φˆ2〉AB = (U ⊗ V )|Φ2〉AB and |Ψˆ2〉CD = (W ⊗Q)|Ψ2〉CD.
Define Hi1i2 as the subspaces spanned by {|i1i1〉, |i1i2〉, |i2i1〉, |i2i2〉}. By taking use of the quantum circuit (pro-
jective operations) shown in Figure S3(a), Alice and Bob can obtain one bipartite state %i1i2AB given by
%i1i2AB = p1(ri1 |00〉+ ri2 |11〉)AB(ri1〈00|+ ri2〈11|) + q1|Φˆi1i2〉AB〈Φˆi1i2 | (A19)
for the measurement outcome 00 with a probability p00, where |Φˆi1i2〉AB ∈ Hi1i2 can be a proper pure state. If
%i1i2AB is entangled, Alice and Bob obtain a qubit-based bipartite entanglement. Otherwise, one of collapsed states of
Alice and Bob for the measurement outcomes 01, 10 and 11 is entangled because the linear superposition of these
four states, i.e., ρˆAB , is entangled, where we have taken use of the fact that the linear superposition of any separable
states are separable. Hence, two observers can obtain a collapsed entanglement by performing projective operations
and classical communications. And then they let %i1i2AB as the input of the quantum circuit shown in Figure S3(a).
This procedure can be iteratively performed with LOCC and post-selections of Alice and Bob. Hence, Alice and Bob
can obtain a qubit-based bipartite entanglement with nonzero success probability. Similarly, Bob and Charlie can
probabilistically obtain a qubit-based entanglement %j1j2CD by iteratively performing LOCC and post-selection from the
quantum circuit shown in Figure S3(b).
Similar to Case 1, if %i1i2AB and %
j1j2
CD are entangled pure states, the bipartite nonlocality of Alice and Charlie can be
activated after a Bell measurement of Bob, using CHSH inequality [7–9]. Otherwise, they can obtain entangled pure
states using the entanglement distillation [5] if multiple copies of %i1i2AB and %
j1j2
CD are available. Therefore, we have
completed verifying the activated nonlocality of Theorem 1. Another method is as follows: For a Λ-shaped network
consisting of Alice, Bob and Charlie, they can obtain two bipartite entangled pure states. In this case, nonlinear
Bell-type inequalities [6, 7] can be used to prove the k-partite nonlocality. 
From Theorem 1, it is easy to verify the following generalized Λ-shaped quantum networks and chain-shaped
quantum networks.
Corollary 1. For any generalized Λ-shaped quantum network N with n observers P1, P2, · · · , Pn, assume that
P1, · · · , Pk share one k-partite entanglement ρA1···Ak on the Hilbert space HA1 ⊗· · ·⊗HAk , and Pk+1, · · · , Pn share an
n−k+1-partite entanglement ρBk···Bn on the Hilbert spaceHBk⊗· · ·⊗HBn . Then the joint system of ρA1···Ak⊗ρBk···Bn
is n-partite nonlocal. Moreover, any two observers Pi and Pj with 1 ≤ i ≤ k, k ≤ j ≤ n and i 6= j has bipartite
activated nonlocality after all the other observers in N perform proper local POVM.
Proof. For a generalized Λ-shaped quantum network shown in Figure S4, from forward evaluations of Theorem 1
it is easy to prove the inconsistency of n-partite quantum correlations derived from the local POVMs of a generalized
Λ-shaped quantum system ρA1···Ak⊗ρBk···Bn shown in Figure S4(a), and n-partite classical correlations from from the
local measurements of any fully separable states %A1···Ak ⊗ %Bk···Bn = (
∑
i pi%
(i)
A1
⊗ · · · ⊗ %(i)Ak)⊗ (
∑
i qi%
(i)
Bk
⊗ · · · ⊗ %(i)Bn)
shown in Figure S4(b)) in terms of the hidden state model [4] using the semiquantum nonlocal game [1] and similar
procedure of the proofs given in Subsection A1 of Appendix A.
Now, consider the activated nonlocality of any quantum subnetwork. For any k-partite quantum entanglement
ρA1···Ak , and two observers Pi, Pj with i, j ≤ k, there are local POVMs of all observers Ps with s 6= i, j and s ≤ k such
that the collapsed state of two observers Pi and Pj after a local POVM of all the other observers Pss is entangled.
Similar result holds for the n − k + 1-partite entanglement ρBk···Bn . So, for any three observers Pi, Pk and Pj with
1 ≤ i < k < j ≤ n, they can consist of a standard Λ-shaped quantum network after a proper local measurement
of all the other observers as shown in Figure S4(c) and Figure S4(d). By using Theorem 1, it is easy to prove that
the collapsed joint systems of three observers Pi, Pk and Pj have the bipartite activated nonlocality, i.e., the bipartite
quantum correlations of Pi and Pk derived from a generalized Λ-shaped quantum network N after a local measurement
of the observer Pj (see Figure S4(c)) is consistent with all classical correlations from any separable systems (or further
semi-separable states, i.e., three observers Pi, Pk and Pj have no prior shared entangled states while other observers
can share some entangled states, see Figure S4(d)). 
Corollary 2. For a chain-shaped quantum network Nq with n observers P1, P2, · · · , Pn, assume that two observers
Pi and Pi+1 share one bipartite entanglement ρAiBi on the Hilbert space HAi ⊗ HBi , i = 1, · · · , n − 1. Then the
joint system of ρA1B1 ⊗ · · · ⊗ ρAn−1Bn−1 is n-partite nonlocal. Moreover, for any subnetwork N ∗q ⊂ Nq consisting of
independent observers (without initially sharing entangled states in Nq), the reduced system of N ∗q is nonlocal after
all observers who are not in the subnetwork of N ∗q perform a proper local POVM.
Proof. For a chain-shaped quantum network shown in Figure S5, the n-partite nonlocality is followed from
the semiquantum nonlocal game [1] and the proof given in Subsection A1 of Appendix A, i.e., we can prove the
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FIG. S4: (Color online) Schematically generalized Bell testing of a generalized Λ-shaped network. (a) Generalized nonlocality
testing of a generalized Λ-shaped quantum network consisting of two entangled states ρA, ρB, where A = A1 · · ·Ak and
B = Bk · · ·Bn. The observers P1, · · · , Pk share one k-partite entanglement ρA while the observers Pk, · · · , Pn share an
n − k + 1-partite entanglement ρB. τa1A′1 , τ
a2
A′2
, · · · , τak
A′
k
⊗ τ bk
B′
k
, · · · , τ bnB′n are input states of the observers P1, · · · , Pk, · · · , Pn,
respectively, and can be sent from a trusty referee, where ai ∈ Ai and xi ∈ Xi are respective inputs and outputs of the observer
Pi, i = 1, · · · , k; bj ∈ Bj and yj ∈ Yj are respective inputs and outputs of the observer Pj , j = k, · · · , n. (b) Hidden state model
for testing the locality of a generalized Λ-shaped network consisting of two shared sources λ1 and λ2 (or two bipartite separable
states %A =
∑
i pi%
(i)
A1
⊗· · ·⊗%(i)Ak and %B =
∑
i qi%
(i)
Bk
⊗· · ·⊗%(i)Bn , where {pi} and {qj} are probability distributions and %
(i)
Aj(Bs)
are density operators of the system Aj (or Bs)). (c) Generalized Bell testing of the activated nonlocality of the subnetwork
consisting of the observers Pi, Pk and Pj with a Λ-shaped system ρAiAk ⊗ ρBkBj , where ρAiAk is the collapsed state of ρA after
a proper local measurement of all observers P1, · · · , Pk−1 except for the observer Pi; ρBkBn is the collapsed state of ρB after
a proper local measurement of all observers Pk+1, · · · , Pn except for the observer Pj , and τa∗s , τ b∗t and x∗s , y∗t are respective
special inputs and outputs. The new system is a standard Λ-shaped quantum network shown in Figure S2(a). (d) Hidden
state model for testing the locality of the subnetwork consisting of three observers Pi, Pk and Pj with the reduced sources of
λ1 and λ2 (or the collapsed states of any semi-separable states %A =
∑
s ps%
(s)
Ai
⊗ %(s)
Aˆi
and %B =
∑
t qt%
(t)
Bj
⊗ %(t)
Bˆj
, where {ps}
and {qt} are probability distributions, and %(s)
Aˆi
and %
(t)
Bˆj
are density operators of the joint systems Aˆi = A1 · · ·Ai−1Ai+1 · · ·Ak
(or Bˆj = Bk · · ·Bj−1Bj+1 · · ·Bn)), which can be entangled. The new system is a standard Λ-shaped network shown in Figure
S2(b).
inconsistency of n-partite quantum correlations derived from local measurements of a chain-shaped quantum net-
work consisting of all bipartite entangled states ρA1B1 , · · · ,HAn−1Bn−1 shown in Figure S5(a), and n-partite clas-
sical correlations from a chain-shaped network consisting of fully separable states %A1B1 =
∑
i p
(1)
i %
(i)
A1
⊗ %(i)B1 , · · · ,
%An−1Bn−1 =
∑
i p
(n−1)
i %
(i)
An−1 ⊗ %
(i)
Bn−1 , as shown in Figure S5(b).
Now, consider the nonlocality of any quantum subnetwork consisting of independent observers without prior sharing
entangled states. By using Theorem 1 iteratively it is easy to prove that each pair of independent observers Pi
and Pj can share an entangled systems in the state ρAiBj after all observers Pks with i < k < j performing a
proper local POVM. Generally, consider a subnetwork N ∗q consisting of k independent observers Pi1 , · · · , Pik with
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FIG. S5: (Color online) Schematically generalized Bell testing of a chain-shaped network. (a) Generalized nonlocality testing of
a chain-shaped quantum network Nq consisting of n− 1 bipartite entangled states ρA1B1 , · · · , ρAn−1Bn−1 , where the observers
Pi and Pi+1 share one bipartite entanglement ρAiBi , i = 1, · · · , n − 1. τa1A′1 and x1 are respective inputs and outputs of the
observer P1, τ
bi
B′i
⊗ τai+1
A′i+1
and yixi+1 are respective inputs and outputs of the observer Pi for i = 2, · · · , i − 2, and τ bn−1B′n−1 and
yn−1 are respective inputs and outputs of the observer Pn−1, where A′i and B
′
i are axillary systems that can be chosen by a
trusty referee, ai ∈ Ai, bi ∈ Bi, xi ∈ Xi, yi ∈ Yi. (b) Hidden state model for verifying the locality of a chain-shaped network
consisting of n − 1 shared sources λ1, · · · , λn−1 (or bipartite separable states %AiBi =
∑
s p
(i)
s %
(s)
Ai
⊗ %(s)Bi , where {p
(i)
s } are
probability distributions and %
(s)
Ai(Bi)
are density operators of the system Ai or Bi, i = 1, · · · , n − 1). (c) Generalized Bell
testing of the activated nonlocality of the quantum subnetwork N ∗q ⊂ Nq consisting of independent observers without initially
sharing entangled states in Nq. For example, N ∗q consists of two observers P1 and Pn−1. Here, all observers Pi 6∈ N ∗ perform a
proper local POVM with special inputs τa
∗
i , τ b
∗
i and outputs x∗i , y
∗
i . (d) Hidden state model for verifying the activated locality
of the subnetwork N ∗, where all parties Pi 6∈ N ∗ can perform any POVM with any inputs τa∗i , τ b∗i and outputs x∗i , y∗i . The
network consists of n− 1 shared sources λ1, · · · , λn−1.
1 ≤ i1 < · · · < ik ≤ n, where an example is shown in Figure S5(c) and Figure S5(d). For two observers Pij and Pij+1 ,
they can share a bipartite entanglement ρAijBij after all observers P`s with ij < ` < ij+1 performing a proper local
POVM. The activated bipartite nonlocality can be proved similar to the proof given in Subsection A2 of Appendix A
(the proof of Theorem 1). Furthermore, by using the proof given in Subsection A1 of Appendix A, it is easy to prove
that the joint systems of all independent observers Pi1 , · · · , Pik have k-partite nonlocality. Another method is as
follows. For the subnetwork N ∗q , all observers can obtain bipartite entangled pure states. In this case, the nonlinear
Bell-type inequalities [7] can be used to prove the k-partite nonlocality. 
Additionally, the proof of Theorem 1 provided an interesting by-product that universal Bell inequality exists for
detecting a single entanglement by using local projection and entanglement distilling [5]. In fact, we have the following
result
Corollary 3. There exists a universal Bell inequality to detect all entangled states with multiple copies.
Proof. The proof is derived from the procedure shown in A2. For qubit-based entangled state ρA1···An shared
by parties P1, · · · , P1, they can firstly perform a local entanglement distilling [5] to obtain a multipartite entangled
pure state |Φ〉A1···An . And then, |Φ〉A1···An can be verified by using a universal Bell inequality [10]. For a high-
dimensional entangled state ρA1···An , all parties can firstly perform a local projection shown in Figure S3 with LOCC
in order to obtain a qubit-based entangled state ρˆA1···An . Here, we have taken use of the fact that LOCC cannot
create an entanglement among parties who have no initially shared entanglement. And then, all parties can perform
a local entanglement distilling [5] to obtain a multipartite entangled pure state |Ψ〉A1···An which can be verified by
a universal Bell inequality [10]. The only assumption of the theorem is the multiple copies of single entanglement,
which is reasonable in terms of statistics. 
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Appendix B: Proof of Theorem 2
In this section, to complete the proof of Theorem 2 we firstly verify the nonlocality of all star-shaped quantum
networks consisting of any entangled states.
Lemma 1. For a star-shaped quantum network Nq consisting of n+ 1 observers P1, · · · , Pn, and Bob, assume that
two observers Pi and Bob share one bipartite entanglement ρAiBi on the Hilbert space HAi ⊗HBi , i = 1, · · · , n. Then
the joint system of A1, B1, · · · , An, Bn is n + 1-partite nonlocal. Moreover, there are local observables such that a
local POVM of Bob can create an n-partite entanglement shared by n observers P1, · · · , Pn who are initially sharing
no entangled states.
Proof. The proof is similar to that of Theorem 1. Since ρAiBi is bipartite entangled, there is a semiquantum
nonlocal game Gisq [1], constants α
xiyi
aibi
, auxiliary states τaiA′i
∈ HA′i and Xi-POVM {P xi} ∈ MA′iAi;Xi for Pi, auxiliary
states τ biB′i
∈ HB′i and Yi-POVM {Qyi} ∈ MB′iBi;Yi for Bob such that∑
xi,yi,ai,bi
αxiyiaibiP (xi, yi|ai, bi) > ci, (B1)
where P (xi, yi|ai, bi) are joint conditional probability distributions computed as
P (xi, yi|ai, bi) = Tr[(P xiA′iAi ⊗Q
yi
B′iBi
)(τaiA′i
⊗ ρAiBi ⊗ τ biB′i)], (B2)
ci denotes the maximal achievable classical bound of average gain in terms of the semiquantum nonlocal game G
i
sq,
Ai = {ai} and Bi = {bi}, Xi = {xi} and Yi = {yi}, i = 1, · · · , n. For all joint conditional probability distributions
Pc(xi, yi|ai, bi)s derived from shared classical correlations or separable quantum states, we have∑
xi,yi,ai,bi
αxiyiaibiPc(xi, yi|ai, bi) ≤ ci, (B3)
where Pc(xi, yi|ai, bi) can be any convex combination of independent distributions in the variables xi, yi, i.e,
Pc(xi, yi|ai, bi) =
∑
j pjPj(xi|ai)Pj(yi|bi), {pj} is a probability distribution.
In what follows, we construct an n+1-partite Bell inequality for testing the nonlocality of the star-shaped quantum
network consisting of bipartite entangled states ρA1B1 ⊗ · · · ⊗ ρAnBn from the inequalities (B1) and (B3).
B1: Constructing n+ 1-partite generalized Bell testing
Now, we construct a new n + 1-partite generalized Bell testing shown in Figure S6(a) and Figure S6(b). For each
bipartite entanglement ρAiBi , assume that the input set and output set of the observer Pi are Ai = {1, 2, · · · ,mi},
Xi = {1, 2, · · · , ni}, respectively, and the input set and output set of Bob areBi = {1, 2, · · · , mˆi}, Yi = {1, 2, · · · , nˆi},
respectively, i = 1, · · · , n. Assume that the input states of the observers P1, · · · , Pn, and Bob are τa1A′1 , · · · , τ
an
A′n
,
τ b1B′1
⊗ · · · ⊗ τ bnB′n , respectively. P (x,y|a,b) denote the joint conditional probability distributions defined by
P (x,y|a,b) =Tr[(P x1A′1A1 ⊗ · · · ⊗ P
xn
A′nAn
⊗Qy1···ynB1···BnB′1···B′n)(⊗
n
i=1(τ
ai
A′i
⊗ ρAiBi ⊗ τ biB′i))]
=Tr[(P x1A′1A1
⊗ · · · ⊗ P xnA′nAn ⊗Q
y1
B′1B1
⊗QynB′nBn)(⊗
n
i=1(τ
ai
A′i
⊗ ρAiBi ⊗ τ biB′i))]
=
n∏
i=1
P (xi, yi|ai, bi), (B4)
where P (xi, yi|ai, bi) = Tr[P xiA′iAi ⊗ Q
yi
B′iBi
)(τaiA′i
⊗ ρAiBi ⊗ τ biB′i)], {P
x1} ∈ MA′1A1;X1 , · · · , {P xn} ∈ MA′nAn;Xn ,
{Qy1···yn} ∈ MB′1B1···B′nBn;Y1×···×Yn are POVMs of all observers P1, · · · , Pn, and Bob, respectively, x = (x1, · · · , xn)
(n outputs of n observers P1, · · · , Pn), y = y1 · · · yn (one output of Bob consisting of n indexes), a = (a1, · · · , an) (the
indexes of n inputs of n observers P1, · · · , Pn), b = b1 · · · bn (the index of one input of Bob consisting of n indexes).
Define the average gain ℘ depending on all joint conditional probabilities P (x,y|a,b)s as
℘ =
∑
x,y,a,b
γxyabP (x,y|a,b), (B5)
where the coefficients γxyab are given by γ
xy
ab =
∑n
i=1 α
xiyi
aibi
.
From the equations (B4) and (B5), consider the quantum n+ 1-partite correlations obtained from the locally mea-
suring the shared system of a star-shaped quantum network shown in Figure S6(a) with POVMs {P x1A′1A1} ∈ MA′1A1;X1
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FIG. S6: (Color online) Schematically generalized Bell testing of a star-shaped network. (a) Generalized Bell nonlocality testing
of a star-shaped quantum network consisting of n bipartite entangled states ρA1B1 , · · · , ρAnBn , where two observers Pi and
Bob share one bipartite entanglement ρAiBi , i = 1, · · · , n. τaiA′i and xi are respective inputs and outputs of the observer Pi,
τ b1
B′1
⊗· · ·⊗ τ bnB′n and y1 · · · yn are respective inputs and outputs of Bob, where A
′
i and B
′
i are axillary systems that can be chosen
by a trusty referee, ai ∈ Ai, bi ∈ Bi, xi ∈ Xi, yi ∈ Yi. (b) Hidden state model for verifying the locality of a star-shaped network
consisting of n shared sources λ1, · · · , λn (or fully separable states %AiBi =
∑
s p
(i)
s %
(s)
Ai
⊗ %(s)Bi , where {p
(i)
s } are probability
distributions and %
(s)
Ai(Bi)
are density operators of the system Ai or Bi, i = 1, · · · , n). (c) Generalized Bell testing of the
activated nonlocality of the subnetwork consisting of all observers P1, · · · , Pn, where Bob performs a proper POVM with special
inputs τ b
∗
1 ⊗ · · · ⊗ τ b∗n and outputs y∗1 · · · y∗n before verifying the nonlocality. (d) Hidden state model for verifying the locality
of the subnetwork consisting of all observers P1, · · · , Pn, where Bob can perform any POVM with any inputs τ b∗1 ⊗ · · · ⊗ τ b∗n
and outputs y∗1 · · · y∗n. The network consists of n shared sources λ1, · · · , λn, where one source (λ1 for example) can be an
entanglement.
for the observer P1, · · · , {P xnA′nAn} ∈ MA′nAn;Xn for the observer Pn, and {Q
y1···yn
B′1B1···B′nBn} ∈ MB′1B1···B′nBn;Y1×···×Yn
for Bob. The equation (B5) is rewritten into
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℘ =
∑
a,b,x,y
γxyabP (x,y|a,b)
=
∑
a,b,x,y
(αx1y1a1b1 + · · ·+ α
xnyn
anbn
)P (x,y|a,b)
=
∑
a,b,x,y
(αx1y1a1b1 + · · ·+ α
xnyn
anbn
)
n∏
i=1
P (xi, yi|ai, bi)
=
n∑
i=1
Mˆ
mimˆi
∑
ai,bi,xi,yi
αxiyiaibiP (xi, yi|ai, bi) (B6)
>
n∑
i=1
Mˆci
mimˆi
(B7)
Here, the equation (B6) is from the equalities
∑
aj ,bj ,xj ,yj
P (xj , yj |aj , bj) = mjmˆj from the normalization of condi-
tional probabilities, i.e.,
∑
xs,ys
P (xs, ys|as, bs) = 1 for each as, bs, and Mˆ =
∏n
i=1mimˆi. The inequality (B7) is from
the inequalities (B1).
In what follows, we estimate the upper bound of ℘ defined in the equation (B5) for classical n+1-partite correlations
by using hidden state model [4], see Figure S6(b). In detail, from the inequalities (B2), define classical n+ 1-partite
correlations Pc(x,y|a,b) as the conditional probabilities of locally measuring a shared fully separable state % =∑
i ti%
(i)
A1
⊗· · ·⊗%(i)An⊗%
(i)
B1···Bn ({ti} is a probability distribution) with POVMs {Pˆ x1A1A′1} ∈ MA′1A1;X1 , · · · , {Pˆ
xn
AnA′n
} ∈
MA′nAn;Xn , {Qˆy1···ynB′1B1···B′nBn} ∈ MB′1B1···B′nBn;Y1×···×Yn . We get an inequality from the equation (B5) as
℘c =
∑
a,b,x,y
γxyabPc(x,y|a,b)
=
∑
a,b,x,y
Tr[(Pˆ x1A′1A1
⊗ · · · ⊗ Pˆ xnA′nAn ⊗ Qˆ
y1···yn
B′1B1···B′nBn)
× (τa1A′1 ⊗ · · · ⊗ τ
an
A′n
⊗ τ b1B′1 ⊗ · · · ⊗ τ
bn
B′n
⊗
∑
i
ti%
(i)
A1
⊗ · · · ⊗ %(i)An ⊗ %
(i)
B1···Bn ]
=
∑
i
ti
∑
a,b,x,y
n∑
j=1
α
xjyj
ajbj
Tr[(Pˆ x1A′1A1
⊗ · · · ⊗ Pˆ xnA′nAn ⊗ Qˆ
y1···yn
B′1B1···B′nBn)
× (τa1A′1 ⊗ · · · ⊗ τ
an
A′n
⊗ τ b1B′1 ⊗ · · · ⊗ τ
bn
B′n
⊗ %(i)A1 ⊗ · · · ⊗ %
(i)
An
⊗ %(i)B1···Bn ]
=
∑
i
ti
∑
a,b,x,y
n∑
j=1
α
xjyj
ajbj
n∏
s=1
P (i)(xs|as)P (i)(y1 · · · yn|b1 · · · bn) (B8)
=
∑
i
ti
n∑
j=1
∑
a,b,xj ,yj
α
xjyj
ajbj
P
(i)
k (xj |aj)P (i)(yj |b1 · · · bn) (B9)
=
∑
i
ti
n∑
j=1
∑
as,bs,
1≤s 6=j≤n
∑
aj ,bj ,xj ,yj
α
xjyj
ajbj
P (i)(xj |aj)P (i)(yj |b1 · · · bn)
≤
∑
i
ti
n∑
j=1
∑
as,bs,
1≤s 6=j≤n
cj (B10)
=
n∑
i=1
Mˆci
mimˆi
. (B11)
In the equation (B8), we have taken use of the following notations: P (i)(xj |aj) = Tr[Pˆ xjA′jAj (τ
aj
A′j
⊗ %(i)Aj )],
P (i)(y1 · · · yn|b1 · · · bn) = Tr[Qˆy1···ynB′1B1···B′nBn(τ
b1
B′1
⊗ · · · ⊗ τ bnB′n ⊗ %
(i)
B1···Bn)], j = 1, · · · , n. In order to get the equation
(B9) we have used the equalities
∑
yt,1≤t6=j≤n P
(i)(y1 · · · yn|b1 · · · bn) = P (i)(yj |b1 · · · bn) and
∑
xj
P (i)(xj |aj) = 1 for
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each i, j, a1, · · · , an, b1, · · · , bn. To get the inequality (B10), note that P (i)(xj |aj) and P (i)(yj |b1 · · · bn) are indepen-
dent conditional probabilities in terms of the variables xj , yj for any fixed variables aj , bj . Hence, for each i, j, k, xj , yj ,
we can take use of the inequalities (B3). The equation (B11) is from the fact that {ti} is a probability distribution.
From the inequalities (B7) and (B11), we have verify the n + 1-partite nonlocality of the star-shaped quantum
network. Here, the inequalities (B7) and (B11) have defined n + 1-partite generalized Bell-type inequalities for
verifying the n+ 1-partite nonlocality of a star-shaped joint system ρA1B1 ⊗ · · · ⊗ ρAnBn .
Up to now, we have proved that the inequalities (B7) and (B11) can ensure that the n + 1-partite quantum
correlations derived from a star-shaped quantum network with entangled states are different from the n + 1-partite
classical correlations derived from the fully separable state.
B2: Activated nonlocality of a star-shaped quantum network
To complete the proof, we further prove that the n-partite nonlocality of all independent observers, i.e., P1, · · · ,
Pn, can be activated by a local measurement of Bob, see Figure S6(c) and Figure S6(d). From the proof in subsection
A2 of Appendix A, two observers Pi and Bob can probabilistically obtain a qubit-based entangled state from their
shared state ρAiBi . And then, by using the entanglement distill [5] with LOCC, Pi and Bob can share an entangled
pure state |Φ〉AiBi , where LOCC cannot create an entanglement between two parties who have not initially shared
entanglement.
In what follows, we only need to prove that the n-partite nonlocality of n observers P1, · · · , Pn, can be activated by
a local measurement of Bob for any star-shaped quantum network consisting of all entangled pure states ⊗ni=1|Φ〉AiBi .
In detail, assume |Φ〉AiBi = ui|00〉+ vi|11〉 under some local operations, where u2i + v2i = 1, i = 1, · · · , n. Define the
measurement of Bob as n-particle Bell basis, i.e., {Qy1···yn± = 1√2 (|y1 · · · yn〉± |y1 · · · yn〉)}, where yi = 1⊕ yi. For each
measurement Qy1···yn± , the collapsed state of all observers P1, · · · , Pn is given by
Ω±A1···An = r(uy1···yn |y1 · · · yn〉 ± vy1···yn |y1 · · · yn〉) (B12)
which is an n-partite generalized GHZ state, where uy1···yn =
∏n
i=1 uyi , vy1···yn =
∏n
i=1 vyi and r is the normalization
constant.
For any n ≥ 2, we can easily prove the following n-partite CHSH inequality
|〈M10 ⊗ · · · ⊗Mn−10 ⊗Mn0 〉+ 〈M10 ⊗ · · · ⊗Mn−10 ⊗Mn1 〉
+ 〈M11 ⊗ · · · ⊗Mn−11 ⊗Mn0 〉 − 〈M11 ⊗ · · · ⊗Mn−11 ⊗Mn1 〉| ≤ 2, (B13)
where one can schematically represent Mi := M
1
i ⊗ · · · ⊗ Mn−1i (i = 0, 1) and prove the inequality by a similar
procedure of CHSH inequality [8]. This n-partite Bell inequality is used to prove that Ω±A1···An are entangled for all
nonzero ui, vi.
• For an even m, define dichotomic observables M ji = (1 − i)σz + iσx, i = 0, 1; j = 1, · · · , n − 1, and Mni =
cos θσz + (−1)i sin θσx with cos θ = 1/
√
1 + 4r2u2y1···ynv
2
y1···yn , where σz and σx are Pauli matrices. From
straight forward evaluations we get
〈M10 ⊗ · · · ⊗Mn−10 ⊗Mn0 〉+ 〈M10 ⊗ · · · ⊗Mn−10 ⊗Mn1 〉
+ 〈M11 ⊗ · · · ⊗Mn−11 ⊗Mn0 〉 − 〈M11 ⊗ · · · ⊗Mn−11 ⊗Mn1 〉
=tr((M10 ⊗ · · · ⊗Mm−10 ⊗Mn0 +M10 ⊗ · · · ⊗Mn−10 ⊗Mn1
+M11 ⊗ · · · ⊗Mn−11 ⊗Mn0 −M11 ⊗ · · · ⊗Mn−11 ⊗Mn1 )Ω±A1···An(Ω±A1···An)†)
=2
√
1 + 4r2u2y1···ynv
2
y1···yn
>2, (B14)
which violates the multipartite CHSH inequality shown in equation (B13) for all nonzero ui, vi, i = 1, · · · , n. It
implies that Ω±A1···An are n-partite nonlocal.
• For an odd m, by defining observables M ji = (1− i)σz + iσx, i = 0, 1; j = 1, · · · , n− 2, Mn−1i = (1− i)I2 + iσx,
and Mni = cos θσz + (−1)i sin θσx with cos θ = 1/
√
1 + (1− v)2, we obtain the same inequality (B14) which
implies that Ω±A1···An violates the Bell inequality given in equation (B13), where I2 is the identity matrix.
Consequently, we have proved the lemma 1. 
The Lemma 1 can be easily extended to generalized star-type networks.
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FIG. S7: (Color online) Schematic quantum network. (a) Triangle (cyclic) quantum network consisting of three observers
P1, P2, P3. Pi and P(i mod 3)+1 share one bipartite entanglement, i = 1, 2, 3. (b) Multiple cyclic quantum network consisting
of five observers P1, P2, · · · , P5. The observers P1, · · · , P4 share one 4-partite entanglement. P2, P4, P5 share one tripartite
entanglement. The observers P3, P4, P5 share one tripartite entanglement. (c) Symmetric cyclic quantum network consisting of
four observers P1, · · · , P4. The observers P1, P2, P4 share one tripartite entanglement. The observers P2, P3, P4 share one tripartite
entanglement. (d) Star-shaped quantum network consisting of four observers P1, · · · , P4. Two observers Pi and P3 share one
bipartite entanglement, i = 1, 2, 4. (e) Chain-shaped quantum network consisting of three observers P1, · · · , P3. Two observers
Pi and P2 share one bipartite entanglement, i = 1, 3. Networks in subfigures (a) and (b) have no independent observers while
the networks in other subfigures have independent observers shown with blue boxes.
Corollary 4. For a quantum network Nq consisting of n + k + 1 observers P1, · · · , Pn+k, and Bob, assume that
all observers Pj with j ∈ Ii and Bob share one multipartite entanglement ρi on the Hilbert space (⊗j∈IiHj)⊗HBi ,
where Ii ⊂ {1, · · · , n+ k}, i = 1, · · · , s. Then the joint system in the state ρ1 ⊗ · · · ⊗ ρs is n+ k+ 2-partite nonlocal.
Moreover, for the subnetwork consisting of m observers Pj1 , · · · , Pjm , their reduced system is m-partite nonlocal after
all the other observers performing a proper local POVM, where all observers of Pj1 , · · · , Pjm are independent, i.e.,
they have not initially shared entangled states.
Proof. The first part of Corollary 4, i.e., the n + k + 2-partite locality is similar to that stated in Corollary
1, which can be proved by using the semiquantum nonlocal game for single entanglement [1] and the procedures
given in subsections A1 of Appendix A. Moreover, consider one subnetwork Nm consisting of independent observers
Pj1 , · · · , Pjm , who have not initially shared entangled states. For each observer Pjt , there is an integer set Ilt satisfying
jt ∈ Ilt and jr 6∈ Ilt for r 6= t, i.e., two observers Pjt and Bob share an entanglement ρlt . After a proper local POVM
of all observers Pr with r ∈ Ilt and r 6= jt, the observers Pjt and Bob can share a bipartite entanglement. Based on
this fact, there is a standard star-shaped quantum subnetwork after a proper local POVM of all observers except for
Pj1 , · · · , Pjm . The m-partite nonlocality of the subnetwork Nm is followed from Lemma 1. 
In what follows, we complete the proof of Theorem 2.
Proof of Theorem 2. Assume that a connected quantum network Nq consists of n observers P1, · · · , Pn, who
have shared entangled states ρ1, · · · , ρm, where each entanglement ρi is shared by some observers Pj with j ∈ Ii ⊂
{1, 2, · · · , n}, i = 1, · · · ,m. From the definition of the connected quantum network, for each pair observers Ps and Pt
there is one set of observers Pi1 , · · · , Pik such that any adjacent two observers of Ps, Pi1 , · · · , Pik , Pt share at least one
entangled state. Based on this fact, we prove the result in three cases as follows.
Case 1. There is no independent observers in Nq, i.e., any two observers have shared at least one entanglement,
where some examples are shown in Figures S7(a) and S7(b). In this case, there are semiquantum nonlocal games
G
(1)
sq , · · · ,G(m)sq for entangled states ρ1, · · · , ρm, respectively [1]. The n-partite nonlocality of Nq can be proved by
iteratively using the procedure given in subsections A1 of Appendix A. The main steps are shown as follows: we can
firstly redefine a new semiquantum nonlocal game G
(1,2)
sq to verify the joint system ρ1 ⊗ ρ2 from the semiquantum
nonlocal games G
(1)
sq and G
(2)
sq using Corollary 1. And then, we redefine a new semiquantum nonlocal game G
(1,2,3)
sq to
verify the joint system (ρ1⊗ ρ2)⊗ ρ3 from the semiquantum nonlocal games G(1,2)sq and G(3)sq using Corollary 1, where
ρ1 ⊗ ρ2 is regarded as an entangled system. The n-partite nonlocality of ρ1 ⊗ · · · ⊗ ρm can be proved by repeating
this procedure.
Case 2. There are some independent observers Pi with i ∈ I ⊂ {1, 2, · · · , n} in the network Nq, i.e., any two
observers Pi with i ∈ I have not initially shared entanglement, where some examples are shown in Figures S7(c)-
S7(e). Similar to Case 1, we can prove the n-partite nonlocality of Nq by repeating the procedure given in subsections
A1 of Appendix A. The reason is from the definition of the connected quantum network.
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FIG. S8: (Color online) Schematic example of reducing a connected quantum network. (a) A connected quantum network
consisting of ten observers P1, · · · , P10. Pi and P9 share one bipartite entanglement, i = 2, 4, 5. The observers P2 and P7
share one bipartite entanglement. The observers P3, P7 and P8 share one tripartite entanglement. The observers P1, P6, P7 and
P10 share one 4-partite entanglement. (b) An equivalent quantum network. Here, the observers P1, · · · , P5 are independent
observers, who have not initially shared entangled states. In the equivalent network, all the other observers P6, · · · , P10 are
placed above the dot line. (c) Reduced quantum network of the network shown in Figure S8(b). To obtain this quantum
network, we consider the quantum subnetwork consisting of four observers P1, P2, P6, P7 (j1 = 6, j2 = 7 for the proof in Case 3
shown in Figure S8(b). Since j1 = 6 6= j2 = 7, there is a chain-shaped quantum subnetwork N1,2 consisting of two observers
P6, P7 as shown in Figure S8(b). Note that there is another observer P10 who shares the same system with the observers P6 and
P7. So, we obtain a new quantum network after the observer P10 performing a local POVM to disentangle his shared 4-partite
entanglement into a tripartite entanglement. (d) Reduced quantum network of the network shown in Figure S8(c). The new
quantum network is obtained after the observer P6 performing a local POVM to disentangle his shared tripartite entanglement
into a bipartite entanglement. We cannot require the observer P7 to disentangle the tripartite entanglement shared with three
observers P1, P6 and P7. The reason is that the reduced quantum network should be connected. (e) Reduced quantum network
of the network shown in Figure S8(d). Now, we consider a new quantum subnetwork N2,3 of the network shown in Figure S8(d),
which consists of four observers P2, P3, P7, P8. The reduced quantum network is obtained after the observer P8 performing a
local POVM to disentangle the tripartite entanglement shared with three observers P7, P8 and P3 into a bipartite entanglement,
where P8 6∈ N2,3∪{P4}. (f) Equivalent quantum network of the network shown in Figure S8(e). It is a hybrid quantum network
of a chain-shaped quantum subnetwork consisting of three observers P7, P2, and P9, and two star-shaped quantum subnetworks
consisting of four observers P1, P2, P3, and P7, or P2, P4, P5, and P9. All independent observers are shown with blue boxes.
Case 3. There are some independent observers Pi with i ∈ I ⊂ {1, 2, · · · , n} in the quantum network Nq. Different
from Case 2, we can further prove the activated nonlocality of any subnetwork consisting of all observers Pi with
i ∈ I ′ ⊆ I, where an example is shown in Figure S8(a). In detail, there is a subnetwork N ′q consisting of all observes
Pi with i ∈ I ′, which is obtained by measuring the joint system ρ1⊗· · ·⊗ρm with a proper local POVM of all the other
observers. Moreover, the reduced subnetwork consists of several chain-shaped and star-shaped quantum subnetworks.
The proof of this fact is iteratively followed by using an equivalent schematic network, where an example is shown
in Figure S8(b). For convenience, assume that all observers P1, · · · , Pk are independent, where I ′ = {1, · · · , k} with
k < n. Moreover, assume that each pair observers Pi and Pji share an entanglement ρi, where some integers js, jt
may satisfy js = jt for s 6= t, see the star-shaped quantum network shown in Figure S6. Note that the assumption
of shared entangled states is reasonable from the independence of all observers P1, · · · , Pk. Now, we can reduce this
subnetwork N ′ as follows.
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Take the subnetwork consisting of the observers P1, P2, Pj1 , Pj2 as an example.
S1. When j1 = j2, the joint system ρ1⊗ρ2 consists of a generalized Λ-shaped quantum network. In this subcase, after
all observers who share the systems ρ1 ⊗ ρ2 except for P1, P2, Pj1 performing a proper local POVM on the joint
system ρ1 ⊗ ρ2, the reduced system shared by the observer P1, P2, Pj1 is a standard Λ-shaped quantum network
consisting of entangled states. Note that all these local POVMs do not change the joint system ρ3⊗· · ·⊗ρm (see
the subnetwork consisting of three observers P4, P5, and Pj4 shown in Figures S8(c) and S8(d) as an example).
S2. When j1 6= j2, there is a generalized chain-shaped quantum subnetwork N1,2 consisting of the observers
Pj1 , Pt1 , · · · , Pts−1 , Pj2 from the assumption of the connected quantum network, where any adjacent two ob-
servers in N1,2 share at least one entangled state. Assume that N1,2 consists of a joint system ρt1 ⊗ · · · ⊗ ρts ,
where the observers Pj1 and Pt1 share the entanglement ρt1 , Ptl and Ptl+1 share the entanglement ρtl+1 , and Pts
and Pj2 share the entanglement ρts , and tl 6= 1, 2 for all ls. For each entanglement ρtl that is also shared by
some observer Pi with i > k, the observer Ptl or Pi can perform a disentangling operation such that the reduced
joint system is entangled, where the reduced quantum network should be connected after the disentangling op-
erations. Moreover, for each entanglement ρtl that is shared by some observer Pi with i ≤ k, the observer Ptl can
perform a disentangling operation such that the reduced joint system is entangled, where the reduced quantum
network should be connected. After all observers who do not belong to N1,2 ∪ {P3, · · · , Pk} performing a local
POVM on the joint system ρt1 ⊗ · · · ⊗ ρts , the reduced subnetwork N1,2 is a standard chain-shaped quantum
network shown in Figure S5. If tl 6∈ {3, · · · ,m} for all ls, all these local POVMs do not change the joint system
ρ3 ⊗ · · · ⊗ ρm. Otherwise, each entanglement ρj with tl = j for some l is changed into a new entanglement ρˆj ,
which is shared by two observers Pj and Ptl−1 , where t0 = j1 and ts = j2. One example is shown in Figures S8.
Now, similar reducing procedure can be performed for the subnetwork consisting of the subnetwork N1,2 and the
parties P3, Pj3 . By iteratively repeating these reducing procedures of subcases 1 and 2 for all observers P1, P1, Pj1 , Pj2 ,
we can obtain a generalized subnetwork N ′ consisting of star-shaped quantum subnetworks and chain-shaped quantum
subnetworks, seeing one example shown in Figures S8(e) and S8(f), where all entangled states thate are not involved
in these reducing procedures can be measured with any local POVMs.
In what follows, we show the k-partite nonlocality of each generalized hybrid quantum network (one example is
shown in Figure S8(f)). It can be completed by combining Corollary 2 and Lemma 1. Specially, we can firstly prove
the multipartite nonlocality for all star-shaped quantum subnetworks from Lemma 1. And then we can complete
the proof for the hybrid quantum network shown in Figure S8(f) from Corollary 2, where the procedure given in
subsections A1 of Appendix A can be iteratively used. Consequently, we have proved Theorem 2. 
Appendix C: Proof of Theorem 3
In this section, we prove the nonlocality of a hybrid network, see Figure 3. In detail, we consider an arbitrary
quantum network Nq consisting of n observers P1, · · · , Pn with n ≥ 3. Assume that the quantum resources of N
consist of ρ1⊗· · ·⊗ρm. When all ρis are bipartite or multipartite entangled states that are shared by two or multiple
observers. Nq is reduced to the network shown in Theorem 2 if it is connected. Now, we consider the following
case. Note that Nq can be regarded as a classical network that is local when all ρis are fully separable. So, in what
follows, assume that there are some ρis that are entangled. We can prove that Nq is n-partite nonlocal even if Nq
is disconnected. Formally, we prove the result shown in Theorem 3. The proof is followed from Theorem 2. In fact,
assume that Nq consists of k connected quantum subnetworks N˜1, · · · , N˜k, and classical network Nˆ , i.e.,
N = (∪ki=1N˜i) ∪ Nˆ , (C1)
where N˜i and N˜j have no shared observer for any i 6= j, and N˜i and Nˆ have some shared observers. One example is
shown in Figure 3(a). Here, N˜i consists of all entangled states for all is while Nˆ consists of all fully separable states.
For each connected quantum subnetwork N˜i consisting of ni observers with a quantum state %i, from Theorem 2
there is a semiquantum nonlocal game G
(i)
sq (or generalized Bell-type inequalities) such that the average expect ℘i
satisfies
℘(i)q (%i) > ci, (C2)
sup
Qˆ1,···Qˆni
℘(i)c (%
c
i ) ≤ ci, (C3)
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where %ci denotes the classical resource of the subnetwork N˜i (or the fully separable states), ci ≥ 0 denotes the available
classical upper bound of the average gain ℘
(i)
c (%ci ) which depends on the multipartite classical correlations from N˜i in
terms of all local POVMs Qˆ1, · · · , Qˆni for all observers in N˜i. The inequality (C2) means that there are some local
POVMs Q1, · · ·Qni for all observers in N˜i such that ℘(i)q (%i) > ci for the quantum state %i.
For the classical subnetwork Nˆ consisting of n′ observers with a quantum state %ˆ, for each semiquantum nonlocal
game Gˆsq there are some local POVMs Qˆ
′
1, · · · , Qˆ′n′ such that
℘ˆc(%ˆ) = cˆ (C4)
where cˆ = supQˆ1,···Qˆn′ ℘ˆc(%ˆ) ≥ 0. From forward computations using the similar reconstruction procedure shown in
subsection A1 of Appendix A, it is easy to prove that there is a global semiquantum nonlocal game Gsq such that
℘q(ρ1 ⊗ · · · ⊗ ρm) > c, (C5)
sup
Qˆ1,···Qˆn
℘c(%1 ⊗ · · · ⊗ %m) ≤ c (C6)
where ℘ is the average gain [1] depending on the joint conditional probabilities of the measurement outcomes of
all observers, ρis are multipartite states satisfying that there is at least one entangled state ρi, all %js are fully
separable states. The inequality (C5) means that there are some local POVMs Q1, · · ·Qn of all observers such that
the average gain ℘ from quantum multipartite correlations of a hybrid quantum network is no less than a constant
c. The inequality (C6) means that for all local POVMs Qˆ1, · · · Qˆn of all observers the maximal average gain ℘ from
multipartite correlations of a classic network consisting of all fully separable states is no more than the constant c.
Here, the inequalities (C5) and (C6) can be regarded as generalized Bell-type inequalities. It follows that any hybrid
quantum network consisting of at least one entangled state has multipartite nonlocality. We have proved Theorem 3.

Appendix D: Verifying entanglement swapping without LOCC
In this section, we present some discussions related to verifying entanglement swapping with one copy of joint system.
In detail, consider a Λ-shaped quantum network consisting of two bipartite entangled states ρAB ⊗ ρCD shared by
three parties, where Alice and Bob share the entanglement ρAB while Bob and Charlie share the entanglement ρCD.
Theorem 1 shows that there is a generalized Bell-type inequality for verifying the bipartite activated nonlocality of
Alice and Charlie after a local POVM of Bob from ρ⊗nAB ⊗ ρ⊗nCD with large n. In this section, we present some result
for ρAB ⊗ ρCD.
To explain the main idea, assume that ρAB and ρCD has the following forms:
ρAB = p1|Φ1〉AB〈Φ1|+ p2|Φ2〉AB〈Φ2|, (D1)
ρCD = q1|Ψ1〉CD〈Ψ1|+ q2|Ψ2〉CD〈Ψ2|, (D2)
where |Φi〉AB , |Ψi〉CD are assumed to be bipartite pure states.
Case 1. |Φi〉AB , |Ψi〉CD are all bipartite entangled states with i = 1, 2. In this case, assume that |Φ1〉AB =∑
i ai|ii〉AB and |Ψ1〉AB =
∑
j bj |jj〉CD which are formal bipartite entangled states, and |Φ2〉AB = (UA ⊗
UB)
∑
i a
′
i|ii〉AB and |Ψ2〉CD = (UC ⊗ UD)
∑
j b
′
j |jj〉CD which are formal bipartite entangled states under the local
unitary transformations UA ⊗ UB , UC ⊗ UD, respectively. Here, UA, UB , UC , UD are local unitary operations per-
formed on the systems A,B,C,D, respectively. Note that for each joint system: ρij = |Φi〉AB |Ψj〉CD〈Ψj |〈Φi|, CHSH
inequality is useful for verifying the bipartite activated nonlocality of Alice and Charlie after a Bell measurement of
Bob [8, 9], where we can take use of the equality Tr[MBCρij ] = Tr[MBC(WA⊗WBC ⊗WD)ρij(WA⊗WBC ⊗WD)†] =
Tr[MBCWBCρijW
†
BC ], WA, WBC , and WD are unitary operations on the systems A,BC,D, respectively, and MBC
is a local POVM on the systems BC. Combining the equality ρAB ⊗ ρCD =
∑
i,j piqjρij , it follows that the bi-
partite activated nonlocality of Alice and Charlie for the joint system ρAB ⊗ ρCD may be verified by using CHSH
inequality [8, 9] after a Bell measurement of Bob. Generally, we cannot obtain the deterministic detecting of the
bipartite activated nonlocality because the local unitary operations UA, UB , UC , UD can affect the upper bounds cijs,
see Example 1. Similar result holds for general bipartite entangled states ρAB ⊗ ρCD, where ρAB =
∑
i pi|Φi〉AB〈Φi|,
ρCD =
∑
j qj |Ψj〉CD〈Ψj |, and |Φi〉AB , |Ψi〉CD are bipartite entangled states for all i, js.
Case 2. |Φ1〉AB , |Ψi〉CD are all bipartite entangled states with i = 1, 2. Here, |Φ2〉AB is separable state. In this
case, assume that |Φ1〉AB =
∑
i ai|ii〉AB and |Ψ1〉AB =
∑
j bj |jj〉CD which are formal bipartite entangled states, and
24
|Ψ2〉CD = (UC ⊗ UD)
∑
j b
′
j |jj〉CD which is formal bipartite entanglement under the local unitary transformations
UC ⊗UD, respectively. Here, UC , UD are local unitary operations performed on the system C,D, respectively. Define
ρij = |Φi〉AB |Ψj〉CD〈Ψj |〈Φi|, i, j = 1, 2. (D4)
Assume that a Bell-type inequality which is linearly depending on bipartite correlations P (x|a) is given as follows
℘(Pq(x|a)) > c, (D5)
℘(Pc(x|a)) ≤ c, (D6)
where Pq(x|a) and Pc(x|a) are the joint conditional probability distributions from the local measurements of an
entangled system ρAD, and fully separable systems or classical states %AD, respectively. c denotes the maximal classical
bound over any possible conditional probabilities Pc(x|a)s. Assume that there are local POVMs of three observers,
i.e., X1-POVM {P x1} ∈ MA;X1 for Alice, X2-POVM {Qx2} ∈ MBC;X2 for Bob, and X3-POVM {Rx3} ∈ MD;X3
for Charlie. For each joint system ρij , define
℘(Pij(x|a)) = cij (D7)
where Pij(x|a) denotes the joint conditional probability distributions from the local POVMs of Alice and Charlie
after a local POVM by Bob on his systems BC of ρij . It follows that
℘(Pq(x|a)) =℘(
∑
ij
piqjPij(x|a))
=
∑
ij
piqjcij , (D8)
where the equation (D8) is from the linearity of ℘. So, in order to verify the bipartite activated nonlocality, we have∑
ij
piqjcij > c (D9)
for some POVMs of all observers, where c is given in the equation (D6). Here, from assumptions ρ11 and ρ12 are
useful joint systems. ρ21 and ρ22 are useless even if they are not classical system, where |Ψi〉CD are entangled. So,
we can obtain the following equivalent inequality of (D9) as
q1c11 + q2c12 >
1
p1
(p2(q1c11 + q2c12)− c) (D10)
which should be satisfied by a joint system ρAB⊗ρCD if it is bipartite activated nonlocal in terms of a Bell inequality
shown in the equation (D6). Similar result holds for general bipartite entangled states ρAB ⊗ ρCD consisting of
multiple bipartite entangled pure states.
In what follows, we present some examples.
Example 1. Assume that a Λ-shaped quantum network consists of two bipartite entangled states ρAB and ρCD,
where
ρAB = p1|Φ1〉〈Φ1|+ p2|Φ2〉〈Φ2|, (D11)
ρCD = q1|Ψ1〉〈Ψ1|+ q2|Ψ2〉〈Ψ2|, (D12)
|Φi〉 and |Ψi〉 are bipartite entangled pure states which are defined by
|Φ1〉 =a1|00〉+ b1|11〉, (D13)
|Ψ1〉 =a2|00〉+ b2|11〉, (D14)
|Φ2〉 =c1|01〉+ c1|10〉, (D15)
|Ψ2〉 =d2|01〉+ d2|10〉, (D16)
p1 + p2 = q1 + q2 = a
2
i + b
2
i = c
2
i + d
2
i = 1, 0 ≤ pi, qi ≤ 1, 0 < ai, bi, ci, di < 1, i = 1, 2. Now, consider bipartite CHSH
inequality [8] as
℘(P (x|a)) :=〈M10 ⊗M20 〉+ 〈M10 ⊗M21 〉+ 〈M11 ⊗M20 〉 − 〈M11 ⊗M21 〉
≤2, (B17)
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where M1i ,M
2
j denote dichotomic quantum observables with ±1 outputs. Now, define dichotomic quantum observables
M1i = (1− i)σz + iσx, i = 0, 1, and M2i = cos θσz + (−1)i sin θσx, where σz and σx are Pauli matrices. Assume that
Bob performs Bell measurement on the system BC under the basis { 1√
2
(|00〉±|11〉), 1√
2
(|01〉±|10〉)}. In the following,
we only compute one local measurement of Bob with POVM MBC =
1
2
∑
i,j=0,1 |ii〉〈jj|. It is easy to follow that
c11 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ11]
=2 cos(θ) + 4
a1b1a2b2
a21a
2
2 + b
2
1b
2
2
sin(θ), (D18)
c12 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ12]
=− 2 cos(θ) + 4 a1b1c2d2
a21c
2
2 + b
2
1d
2
2
sin(θ), (D19)
c21 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ21]
=− 2 cos(θ) + 4 c1d1a2b2
c21a
2
2 + d
2
1b
2
2
sin(θ), (D20)
c14 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ22]
=2 cos(θ) + 4
c1d1c2d2
c21c
2
2 + d
2
1d
2
2
sin(θ), (D21)
where ρˆij = TrBC [MBC |Φi〉AB |Ψj〉CD〈Ψj |〈Φi|]/Tr[MBC |Φi〉AB |Ψj〉CD〈Ψj |〈Φi|], TrBC denotes the partial trace oper-
ations performed on the systems BC. From the equations (D18)-(D21), it follows from the equation (D9) that∑
i,j=1,2
piqjcij =2α cos(θ) + 2β sin(θ)
=2
√
α2 + β2
>2 (D22)
for some ai, bi, ci, di, pi, qis, where cos(θ) := α/
√
α2 + β2, α = (p1 − p2)(q1 − q2), and β = p1q1 2a1b1a2b2a21a22+b21b22 +
p1q2
2a1b1c2d2
a21c
2
2+b
2
1d
2
2
+p2q1
2c1d1a2b2
c21a
2
2+d
2
1b
2
2
+p2q2
c1d1c2d2
c21c
2
2+d
2
1d
2
2
≤ 1 from the inequalities 2a1b1a2b2 ≤ a21a22+b21b22, 2a1b1c2d2 ≤ a21c22+b21d22,
2c1d1a2b2 ≤ c21a22 +d21b22 and 2c1d1c2d2 ≤ c21c22 +d21d22. Note that the inequality (D22) holds for special quantum states
such as a1 = b1, c1 = d1 and a2d2 = b2c2.
Example 2. Assume that a Λ-shaped quantum network consists of two bipartite Werner states as:
ρAB =
1− p
4
I4 + p|Φ〉AB〈Φ|, (D23)
ρCD =
1− q
4
I4 + q|Ψ〉CD〈Ψ|, (D24)
where |Φ〉AB = a1|00〉 + b1|11〉, |Ψ〉CD = a2|00〉 + b2|11〉, I4 as the identity matrix of rank 4 can be viewed as a
mixed fully separable state, and 0 ≤ p, q ≤ 1. Define ρ11 = 116 I4 ⊗ I4, ρ12 = 14 I4 ⊗ |Ψ〉CD〈Ψ|, ρ21 = 14 |Φ〉AB〈Φ| ⊗ I4,
and ρ22 = |Φ〉AB〈Φ| ⊗ |Ψ〉CD〈Ψ|. Let ρˆij = TrBC [MBCρij ]/Tr[MBCρij ] for i, j = 1, 2, where MBC denotes the local
POVM of Bob.
Similar to Example 1 with the same quantum observables for three observers, we can easily obtain
c11 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ11]
=0, (D25)
c12 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ12]
=0, (D26)
c21 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ21]
=0, (D27)
c14 =Tr[(M
1
0 ⊗M20 +M10 ⊗M21 +M11 ⊗M20 −M11 ⊗M21 )ρˆ22]
=2 cos(θ) + 4
a1b1a2b2
a21a
2
2 + b
2
1b
2
2
sin(θ), (D28)
26
From the equations (D25)-(D28), it follows from the equation (D9) or (D10) that∑
i,j=1,2
piqjcij =2pq(cos(θ) + β sin(θ))
=2pq
√
1 + β2
>2 (D29)
for some ai, bi, ci, di, p, qs, where cos(θ) := 1/
√
1 + β2, and β = 2a1b1a2b2/(a
2
1a
2
2 + b
2
1b
2
2) ≤ 1. For example, the
inequality (D29) holds for the following condition
pq >
1√
1 + β2
. (D30)
Specially, when β = 1, i.e., 2a1b1a2b2 = a
2
1a
2
2 + b
2
1b
2
2 including ai = bi = 1/
√
2 (Werner state of EPR state), it follows
from the inequality (D30) that p > 1√
2
and q = 1, or q > 1√
2
and p = 1.
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